Abstract. In this paper we provide a closed-form approximation as well as a measure of the error for the price of several twodimensional derivatives under the assumptions of stochastic correlation and constant volatility. The method is applied to the pricing of Spread Options and Quantos Options, while three models for the stochatsic correlation are considered.
Introduction
Most models used in the pricing of multidimensional derivatives consider constant correlation among their constituents. Nevertheless, empirical facts suggest that correlation varies over time ( [10] ). Neglecting changes in the correlation may introduce significant misleading in the pricing. The objective of this paper is to provide a simulations-free approximation to the price of Spread Options and Quantos Options under non-constant correlation. In particular we study three types of models for the correlation: a deterministic time function, a mean-reverting differential stochastic process and a switching Markovian model. We obtain an expression for the price in terms of the average correlation during its lifetime which allows us to use some suitable approximations, expanding the technique in [3] . Some works introducing stochastic correlation in the pricing of financial derivatives are [9] and [4] . In [9] the author provides analytical properties of the correlation process as well as an approximation to the value of Quantos options under the assumption of constant volatility for the underlying. This approximation not only lacks a set of bounds for the error but also limits the applicability of the idea to other derivatives. In [4] , the price of an spread option was obtained under stochastic correlation using numerical methods based on multidimensional trees. In this paper we provide a framework for pricing two-dimensional derivatives under time dependent correlation together with a bound for the error and without the need for time-consuming numerical methods.
Examples of two-dimensional continuous time models that introduce constant correlation on leading Brownian motions have been successfully used for modeling and pricing Spread Options, see [2] . As we will see in section 3 these models have the nice property that the law of the bi-dimensional random variable representing the value of the assets at maturity time has a very tractable form. This implies that the pricing problem for European type options can be solved with relative ease, providing accurate closed-form approximations (see [3] ) and even in some cases it is possible to provide exact closed forms expression for option prices, [7] and [13] .
In the models considered in this paper, the correlation and volatility are treated separately and the later is assumed constant. The process studied for the correlation follows along the lines of bounded stochastic processes as those presented by [18] , [19] , [9] . An alternative way to obtain stochastic correlation is by introducing the dependence between asset's prices through the covariance matrix, for example the Wishart process and the Principal component process (see [5] , [12] , [11] ). This type of models allow for closed-form solutions to some multidimensional derivatives like Correlation Options and Best-of Basket Options due to the existence of an analytical expression for the conditional characteristic function of the underlings (see [15] , [5] , [11] ) but in general they fail to provide analytical expressions for most existing derivatives. Our propose models are neither particular cases nor generalizations of the covariance-based models therefore finding approximations for these derivatives, as well as for Spread Options and Quantos Options, is of great importance for practitioners.
The paper is structured as follows. In section 2 we introduce the general framework for the processes and the specific derivatives to be considered throughout the paper. In section 3 we first present some known results that applied under constant correlation models. Then the key properties that allow us to provide good approximations under stochastic correlation are presented. In section 4, the goodness of the approximation is empirically tested under two toy derivatives, two models and a wide region of the parametric space, while another two families of derivatives are partially described. Section 5 concludes.
General Framework
Consider a bivariate price process on a filtered probability space (Ω, A, F t , P) such that the components of the R 2 -valued stochastic processes S(t) = (S 1 (t), S 2 (t)) satisfies:
and W 1 andW 2 are two independent Brownian motions. We will also assume that the coefficients satisfy the necessary conditions for the existence and uniqueness of solution of a system of stochastic differential equations.
It is easy to verify that W 2 is a Brownian motion under P. Now W 1 and W 2 are dependent Brownian motions with the property that infinitesimal increments of them at time t are dependent Gaussian random variables with correlation coefficient ρ(t, S t ). This fact will be expressed symbolically as:
An important and well studied case is when the coefficients in (1) and (2) are constants:
and the correlation in (4) is also constant equal ρ for every t in [0, T ]. The equations in (5) have an explicit solution given by:
From now on, we will refer to this model for assets as the Geometric Brownian Motion (GBM). A very important property of this model is that under the assumption of constant correlation the vector l T = (log S 1 (T ), log S 2 (T )) has a bivariate normal distribution, in fact:
2 T The property that the probability law of l T is a bivariate normal is not exclusive of the GBM model. At least another well studied model called the log-Orstein-Uhlenbeck (log-OU) satisfies this property. The model (log-OU) has the mean-reversion property so it could be used to model bivariate financial series in the context of commodities and interest rates (see [13] ). The log-OU process satisfies:
The solution to these equations is:
For the log-OU process, under the assumption that E[dW 1 (t).dW 2 (t)] = ρdt, the law of l T is also bivariate normal with mean m and covariance matrix Γ given by:
In this work we allow the correlation ρ(t, S t ) not to be constant as in previous examples but to be in general a stochastic process. In order to simplify notation we will denote the stochastic correlation at time t as ρ t . The stochastic dynamic for ρ t that we consider in the examples are:
• Mean reverting square root process, which was already proposed in [9] is the process satisfying the SDE:
s dB s where B is a Brownian motion independent of W 1 and W 2 . Some properties of this stochastic process were obtained in [9] .
• The Markov Correlation Switching model. This model is none but a continuous time Markov Chain with state space (ρ i ) i∈I where I is a finite set.
These models are flexible enough to represent a large variety of correlation behaviors.
Let C T be the class of European type derivatives whose payoff h depends on the bivariate vector S(T ) where T is the maturity time. Our main objective will be to price derivatives on C T under the assumption of stochastic correlation. In particular we analyze, in section 4.1 and 4.2 two cases of derivatives on C T
• Spread Options: with payoff:
There are two other derivatives which are partially analyzed in this paper:
• Correlation Options:
+ . These last two derivatives will be studied in section 4.3.
Pricing Derivatives under stochastic correlation models
On this section we obtain an exact expression for the price of a derivative on C T under stochastic correlation. As this expression could not be evaluated exactly in most cases, we provide some possible approximated approaches.
3.1. Exact pricing under stochastic correlation models. We assume a European type derivative on C T with payoff h and constant interest rate r. Hence the price of such derivative at time t ≤ T is the discounted value of the expectation of the payoff function at maturity time T under the risk neutral measure Q:
The probability measure Q is such that the discounted processes S 1 and S 2 are Q-martingales. It is assumed that the market is complete and therefore this measure exist and is unique. In general, the price of a derivative in C T depends on the assets model parameters only through the probability law of the vector S(T ) = (S 1 (T ), S 2 (T )) under Q. The known results showed before about the normality of l T for the GBM and the log-OU process are valid under the assumption that correlation ρ(t, S t ) is constant over the whole interval [0, T ]. But the hypothesis that instantaneous correlation remains constant over time is not consistent with empirical facts ( [9] , [10] ). That's why we allow for non-constant correlation.
The main cost of introducing stochastic correlation from the point of view of pricing, is that the probability law of l T could not be obtained in closed form, even for very simple models as GBM. Here we propose a methodology for pricing that overcomes this difficulty.
For the rest of this section we will be concerned with the GMB model but it is not difficult to obtain similar results for the log-OU process following the same ideas. A first step in the analysis is to consider that ρ t is not constant over [0, T ] but deterministic. In this particular case we have the following result: 
2 T The proof of this theorem is straightforward from expression 6.
One of the consequences of Theorem 2 is that the probability distribution of l T in the case of ρ t deterministic is the same probability distribution than the one assuming constant correlation equal to the mean value of the correlation over the interval [0, T ]:
Let us now look closely expression (13) . In general Π 0 , the price at time t = 0 of a derivative in C T , will be a function of several parameters, including volatilities, initial values for the assets, etc. In the case that the processes of the underlying S 1 (T ) and S 2 (T ) are driven by dependent Brownian motions with constant correlation ρ, then Π 0 will also depend on this correlation coefficient (see [3] ). Now we look at the price as a function of the constant value ρ, all other quantities fixed, namely, Π 0 (ρ). The function Π 0 (ρ) will play a key role through this work, so we will refer to it as the constant correlation price function. We assume that Π 0 (ρ) is a known function. Then the way the price is obtained in the constant correlation case could be easily extended to the case of non-constant but deterministic correlation. It is an immediate consequence of Proposition 2, expressed in the following: In the stochastic correlation framework the previous approach is not possible because ρ * T is no longer a real constant value but a random variable. Nevertheless Corollary 3 has not only theoretical importance but also a practical one because it could be used to obtain an expression for the option price after conditioning on ρ * T : 
Theorem 5 is key for pricing derivatives in the context of stochastic correlation but the usefulness could be limited when the probability law of ρ * T is unknown. Therefore in the next section we provide a methodology to obtain an expression for E Q Π 0 (ρ * T ) as well as bounds for the approximating error under very general conditions. 3.2. Approximated Closed-Form Pricing. Obtaining closed-form formulas for prices is of vital importance for practitioners, specially for multidimensional derivatives, where outputs are needed on highly frequently basis and the industry standard alternative, MonteCarlo, could take long processing times to reach them.
The approach that we propose in this section is to approximate the price in 15 using Taylor's polynomials to describe Π(ρ). For some important derivatives the constant correlation price function Π is a smooth function , so Taylor's Polynomials of low degree could approximate Π accurately (see figure . .. in section 4.1 and 4.2 for the relationship between prices and the correlation). We consider here linear and quadratic approximations which, for the examples on the next section, give us the prices with high precision.
Another advantage of using Taylor's polynomial approach is that it is possible to quantify the approximation error. 
First order approximation
To estimate the approximation error we use the remainder of Taylor's formula. We know that there existsρ
The first two terms of this sum corresponds toΠ(ρ) so
Evaluating in the random variable ρ * T and taking expectations in both members with respect to Q we have
Second order approximation
The second order approximation to the derivative price is obtained using the second degree Taylor's polynomialΠ around r * :
In this case the second order approximated price is
Analogously, a bound for the error of p 2 can be obtained using Taylor's formula in terms of m 3 (ρ of ρ * T , and the third derivative of Π:
|Π (ρ)|
Closed-Form Pricing for some derivatives
In this section we will use the approximated closed formulas for the price in (16) and (18) to price four well-known derivatives: Spread Options, Quantos Option and Correlation and Best-of-Basket Options.
Firstly we will present in detail some stochastic model for the correlation process ρ t .
4.1. Models for correlation. Three stochastic dynamic structures for the correlation are proposed in this section. The aim is to consider models that reproduce empirical correlation dynamics of dependent financial series. The proposed models are Markovian and stationary. Results from Section 3 indicate that we need to compute E Q (ρ * T ) and V ar Q (ρ * T ) therefore special attention will be placed to the first two moments of the integrated correlation.
Square root stochastic differential equation model
The dynamic structure for the correlation that we consider here is a mean reverting square root process (19) dρ s = a(m − ρ s )ds + c 1 − ρ 2 s dB s This model is the same proposed and applied to the pricing of a Quantos option in [9] . Also the main properties of this model are studied. (12) , given the value of ρ 0 , the expectation and the variance of random variable ρ * T are given by:
Proposition 8. Under model
where η(t) is the solution of the non-homogeneous linear differential equation:
with initial condition η(0) = 0 and coefficients c 1 , c 2 and c 3 given by:
Proof: see appendix.
Remark 9. The initial value problem in 22 is solvable explicitly. It's solution is given in the appendix.

Markov Correlation Switching model
In this case we model the correlation as a continuous time MarkovChain taking values on a finite set S = {r 1 , r 2 , . . . r l }. By definition the correlation is piece-wise constant and at random times jumps to another state in S. The time between jumps is assumed to be an exponential random variable of parameter λ, so the stochastic process N t that counts the number of jumps up to time t is a Poison process. When jumps occur, the transition probabilities of moving from state r i to state r j is given by the matrix (r ij ) 1≤i,j≤l . Here we assume that r ii = 0 for all i. Under these conditions we can calculate the expectation and variance of ρ * T : Proposition 10. In a Markov Switching Model, the conditional expectation and the conditional variance of random variable ρ * T given that ρ 0 = r i ∈ S, are given by: 
Dividing by h and taking limits when h → 0 we obtain (25)
Using the additive property of the expectation and applying the previous technique we obtain (26).
The result is obvious from the definition of m i (t) and M i (t) 
The solution to this system of ordinary linear differential equations with initial condition m 1 (0) = m 2 (0) is straightforward and is given by:
where C 1 = (r 1 − r 2 )/4λ and C 2 = (r 1 + r 2 )/2. On the other hand, the solution to the system in(26) for this case is:
where The previous example could be used to model dependencies between asset prices when there exist two different behaviors, so possible interpretations could be to model differently the behaviors corresponding to "normal period" and "crisis period", which in principle should be more accurate than assuming constant correlation in the whole interval.
Spread Options Pricing.
Here we will use the approximations proposed in Section 3.2 to the pricing of a Spread Option. A spread option has a payoff
Under a GBM model with constant correlation there exist no exact closed form expression for the price of a spread option except when K = 0, see [8] . This is the main reason for which the available literature on the subject is devoted to approximated methods like numerical integration, Monte Carlo, trees and approximated closed forms ([2], [4] , [15] ).
Closed form expressions for derivative prices are of special interest to practitioners for the many advantages they provide. In the particular case of spread options under the GBM model with constant correlation, there exists some approximated closed form expressions for the price, see [2] .
For simplicity in notation we have emphasized in most of the paper the dependence of the constant correlation price function Π 0 on ρ but in fact the price depends also on other parameters:
In this paper we will use the approximated closed form proposed in [3] for Π 0 . This formula approximates the real value of the spread option in the constant correlation case with a relative error of order 10
in a wide region of the parametric space. Analogous results are also available for the (log-OU) process.
Another advantage of this closed form approach is that also closed form expressions for sensitivities are available. In particular, sensitivities of first and second order with respect to ρ are of special interest because they appear in formulas (16) and (18) .
Numerical Results
In figure 1 we show the almost linear behavior of the constant correlation price function Π(ρ). T ) and so on the option's price. Through this work we assumed that ρ 0 is known, but in real financial problems we know this assumption is not true and it should be estimated. The described effect of ρ 0 on the price points out that it is very important to have accurate estimates of the instantaneous correlation ρ 0 . 4.4. Other Derivatives. In this section we show the closed form solution under constant correlation for other two-dimensional derivatives. The procedure performed in previous section could be applied to these settings by taking Π(ρ * ) = h(ρ * ).
2 − ρ 12 σ 1 σ 2 Most existing 2-dim derivatives are particular cases of the fourth derivatives mentioned in this paper.
Conclusion
In this paper we provide a closed-form approximation as well as a measure of the error for the price of several two-dimensional derivatives under stochastic correlation and constant volatility. Three different models for the SC are considered.
Appendix
Proof Proposition 8: we will divide the proof in three steps. A first step in the proof is to obtain an expression for E(ρ t ) which will be done using standard methods for diffusion processes: 1-From (19) Denote e(t) = E (ρ t ), then e satisfies 
